We ~ontrast a s~mple molecular orbital theory (Huckel) with a simple valence bond theory (HeIsenberg-DIrac). We find for alternant systems in which both models have nondegenerate ground states that both models have ground states belonging to the most symmetrical irreducible representation of the molecular point group. We also find there exist nonalternant systems which have ground states with different irreducible representations. In these latter s~stems neither the Huckel nor the Heisenberg-Dirac model is sufficient to give a qualitative pIcture of the molecule. Instead a combined Huckel-Heisenberg-Dirac model (the Hubbard model) must be used. Finally we list some organic unsaturated hydrocarbons, whose ground state changes from one irreducible representation to another as the Hubbard parameters vary.
INTRODUCTION
Although chemists now have at their disposal a wide range of sophisticated techniques I for the calculation of electronic structure, the qualitative models used in understanding this structure tend to be of the most naive sort. Indeed it may be fairly said that among the various qualitative models, only two can be directly described in a quantum mechanical form. They are the one electron molecular orbital theory2 and the Heisenberg-Dirac (HD) spin Hamiltonian. 3 It is commonly assumed that each of these two have their own range of legitimacy. One-electron theories are thought to be applicable to unsaturated hydrocarbon systems, to elemental structures in general, and especially to metals (in the form of band calculations). HD Hamiltonians on the other hand are applied to simple magnetic entities such as Cr3+, Fe3+, and NF+ all of which are embedded in an oxide or halide lattice. The former theory is supposedly valid when bands are wide, i.e., when one-electron terms dominate, the latter when bands are narrow and electron correlation dominates.
It is becoming increasingly apparent however that each of these models can help contribute to the understanding of chemical systems which might have been thought to be the particular province of the other.
For instance, the greatest triumph of the one electron model has been its success in understanding the structure (aromaticity4 and bond lengths 5 ) and reactivity (the Woodward-Hoffmann rules 6 ) of the unsaturated hydrocarbons. Nevertheless it has been found that the HD model can be useful in explaining some of the properties of these same systems. Thus the HD model correctly predicts that 1 (cyclobutadiene)and 3 are singlets, 2 (trimethylenemethane) and 4 are triplets, and that 5 is a quintet. Earlier work has done much to explain why both oneelectron and spin models are capable of treating the same chemical systems. 8 Using models such as the Hubbard model or the PPP models (i.e., models which include both the one-electron and spin models as asymptotic cases), it has been shown for a variety of systems that the Huckel ('I' Htickel ) and HD ('I' HD ) ground states for all their intrinsic differences nevertheless bear certain features in common. It has been shown that for the infinite one-dimensional chain no phase transition occurs as one leaves the Huckel asymptotic limit and approaches the HD asymptotic limit.
(a)
The same has been found in numerical studies on the two-dimensional square lattice. 8 (b) Similarly studies on finite systems have also shown that predictions as to spin multiplicity and spin ordering are also independent of the model type.
8 (C)-8(e) In this paper we establish several results; which further corroborate the interconnection which exists between Huckel and HD theory. We show that when an alternant chemical system does not have a degenerate Huckel ground state then both'l'Htickel and 'l'HD belong to the same irreducible representation (ir) of the symmetry group of the molecule. We also show that for nonalternant systems, there exists molecules for which this is not true, i.e., 'l'HD and 'l'Htickei are irreconcilably different. These exceptional systems are the particular concern of the current work. It is found that they are systems whose chemical behavior cannot be understood by either a one-electron theory (such as the Huckel model) nor a valence bond theory (such as the HD model). Instead a combined valence bond-molecular orbital theory must be used.
DEFINITIONS
The Huckel Hamiltonian is a one-electron Hamiltonian. It may be considered to be acting on a space of atomic orbitals. and when U~ IfJl, (8) where P is the projection operator onto the space where every SD has single occupation of every spatial atomic orbital. The following two geometrical concepts are also important:
( I) Alternant. 10 A Hamiltonian is alternant with respect to a given basis set when the basis vectors may be divided into two sets, the starred set and the unstarred set, in such a way that all nonzero off-diagonal terms connect starred basis vectors to unstarred basis vectors.
(2) Connected. A Hamiltonian is connected with respect to a given basis set when the basis set does not create a block-diagonal Hamiltonian.
Finally in Table I we state the notational conventions which will be used in this paper.
AL TERNANT SYSTEMS
As we have discussed in an earlier paper 8 (e) the localized portion of "'Hticke! (JlIIIHticke) and "'HD bear a strong resemblance to one another. In Table II we give an illustration of this for 6 octatetraene, CgH 10'
6
This similarity between pq! Hticke! and '" HD indicates that the change in '" Hubbard as the U / fJ ratio is altered is a gradual one. One further indication of this is found in the following result.
Theorem: Consider a connected alternate system with an even number of atoms. Let "'Hticke) be nondegenerate. Let the system be symmetric with respect to a point group G, where G is a three-dimensional point group. Under these conditions both "'Hticke) and "'HD belong to the most symmetrical representation of G. The proof of this result is given in the Appendix I.
The Hubbard correlation diagram for alternant nondegenerate systems (such as octatetraene) is therefore of the form shown in Fig. I (a) . The true chemical system lies intermediate between the Hiickel and HD antipodes. As the alteration in "'Hubbard is gradual (i.e., analytic), it is reasonable that both the Hiickel model and the HD model would be suitable starting points for calculations. Both initial calculations could then be improved upon by perturbation techniques or another similar method. By contrast if one were to study a system whose Hubbard correlation diagram is of the form given in Fig. I b. work II shows that a reasonable lUI /31 ratio is between 1 and 4. It therefore appears that neither Hiickel theory nor HD theory by themselves would be sufficient.
HUBBARD TRANSITIONS
In the current work we are interested in investigating systems which have Hubbard correlation diagrams like that shown in Fig. l (b) . We are therefore interested in finding systems where 'l'HUckel and 'l'HO belong to different irreducible representations. One of the simplest such systems is found in the 'IT orbitals of 7, pentalene (C S H 6 ).12 7
In Table III we contrast the localized portion of 'I' HUckel and 'l'HO' Unlike for the alternant hydrocarbons such as 6, 'l'HUckel and 'l'Ho bear no resemblance. Inspection shows that the 'I' Huckel of pentalene is of A Ig symmetry while 'I' HO is of the BIg symmetry. We show in Fig. 2 the Hubbard correlation diagram for 'l'Hiickel and 'l'HO' It may be seen that pentalene indeed undergoes a transition in its ground state for a certain critical value of U 1/3. We term this transition a Hubbard transition.
The geometrical factors responsible for the transition are straightforward once one makes the assumption that the lowest energy localized SD (LELSD) does not have a zero coefficient in 'l'HO' Thus, for example, in pentalene if we label the atoms as indicated in 8 there are two LELSDs. The first has up-spin electrons on atoms 1,3,5, and 7 and down-spin electrons on atoms 2,4,6, and 8. The second LELSD has down-spin electrons on atoms 1,3,5, and 7 and up-spin electrons on 2,4,6, and 8. These are shown in Fig. 3 along with the LELSDs of benzene and 9, a C I4 H I2 singlet biradical isomer. 14 9
Following the conventions listed in Table I the former SD is 1123456781 while the latteris 112345" 6 781.
Under point group symmetry operations LELSDs are always mapped into LELSDs. Pentalene has among its symmetry operations u x' a mirror plane normal to the x axis, and i, an inversion center. The mirror plane U x corresponds to the permutation (17) (26) (35) while i corresponds to (48) (37) (26) (15). Therefore, U x 11 23456781 = -11 23456781 (9) and ill 2: 3 4 5 6781 = 11 2: 345 6781 .
(10) • We list in this column only the down-spin electrons. Thus the first row refers to the LSD 11 2 3 4 5 6 ' 7 ii I.
b 'II Huc'el' 'II HD' and both first excited states are singlets. c The largest coefficient in each column is set equal to one.
It is of interest that G' x transforms the LELSD in Eq. (9) into the negative of itself. Therefore if one is to have a nonzero amount of the LELSD in the ground state of the system, the ground state cannot belong to the most symmetrical irreducible representation. But "'HUckel of pent alene does belong to the most symmetrical irreducible representation. Therefore a Hubbard transition must occur. 
SYSTEMS WITH HUBBARD TRANSITIONS
We therefore can anticipate the Hubbard transition in pentalene because in pentalene three conditions are met:
( 1) The molecule has a nondegenerate \fI HUckel • (2) The molecule has a nontrivial point group.
(3) There exist symmetry elements which permute the LELSDs into the negative of themselves. By the same logic the molecules shown in Fig. 4 also would appear to have a Hubbard transition.
Slightly more complicated is the case where the permutation transforms one LELSD into another. One intuitive way of treating such cases is by recognizing that nonalternant systems are often only slightly perturbed altemant systems. Thus pentalene is just the system 10 where one extra 1T bond has been made, while 9 has just one 1T bond more than 11-14. Of these, 12-14 are the altemant systems most closely related to 9 which have a singlet \fI HD ground state. 13
. .
13 14
If all the altemant systems which are most closely related to the nonaltemant system in question have in their respective ground states identical phases for the various LELSDs it is reasonable to assume that in the parent nonaltemant system the same phase relations are maintained. As an example we consider 9. In Table IV we list the phases of the SDs of the three LELSDs "' I' "' 2' and "' 3 where "'1=112345678910111213141,
"' 2 = 112345678910 11 1213141, "' 3 = 11 2345678910 11 1213141.
(12) ""I' "2' and "3 are given inEqs. (11)-(13). The atom labels for these equations are shown in 9.
As we see from Table IV , "' I' "' 2' and "' 3 have identical phases for systems 12-14. We therefore expect that for 9 the coefficients of LELSDs in \fI HD are
where "' I' "' 2' and "' 3 are those given in Fig. 5 and where a and b are positive real numbers. This is further corroborated by the matrix elements:
<"' 2IHHDI"' 3) =0.
As the three LSDs are the lowest energy ones, the above relations imply in first order perturbation theory that the phase relation given in Eq. (14) is the correct one for \fI HD'
We now note that there is a hidden symmetry element in 9, the permutation (16) (25) (34). As the \fIHUckel of9 is nondegenerate, both relations indicate that 9 also undergoes a Hubbard transition. Direct verification for 9 is difficult. On the other hand we can numerically examine the related system 15.
,~ ( )'
15
Calculation reveals 15 does indeed undergo a Hubbard transition.
13
These simple ideas can be reformulated in the following useful way. In certain cases the altemant systems which are most closely related to the nonaltemant molecule under in- vestigation maintain all the symmetry elements of the parent nonalternant systems. Examples of this are seen in 10 and 12.
If we find in the nonalternant system that 'l'HO does not belong to the most symmetrical representation of the point group this implies that the same is true for the 'l'HO of the related alternant systems. From the result of Appendix I we therefore conclude that 'l'Hiickel for the alternant system must have degeneracies. In other words there exists a molecular orbital such that H Hiickel 'I' = O. We show in Fig. 6 that this is indeed the case for the systems 12, 13, and 16--19.
. >-d. 
BROKEN SYMMETRY
We now turn to the chemical consequences of the Hubbard transition. The most interesting consequence occurs when the true effective U 1/3 ratio is near the U 1/3 ratio at which the ground states cross. Under these conditions we should observe symmetry breaking, where the molecule lowers its symmetry so as to be able to mix effectively the two low lying eigenstates. For example, in the case of 7, pentalene, the two low-lying states are of A lg and BIg symmetry. Mixing of the two states is only allowed in the symmetry lowering from D2h to C 2h • Pentalene should therefore distort as shown in 20. We show the qualitative energetic effects in Fig. 7 .
20
This symmetry distortion relies though on the proximity of the orbital Hubbard U 1/3 transition ratio (see Fig. 7 ) and the true effective U 1/3 ratio of the system. As we noted earlier the true effective U 1/3 ratios lie between 1 and 4. The lower limit is in the case of nonorthogonal p1T orbitals and the upper limit for orthogonal ones. We must therefore contrast the U 1/3 value to the U 1/3 value at which the A Ig and Big states cross. Unfortunately, it is difficult to directly calculate this number for the eight atom pentalene system. In the case of simpler four and six atom systems, though, direct calculation of the U 1/3 value at which the Hubbard transition take place is possible. We discuss in Appendix II how the U 1/3 value of the Hubbard transition can be estimated from the differences in energy I1E HO and I1EHiickel (see Fig.  7 In Fig. 8 we show the reported bond distances. It should be noted that in the current work we have considered the 1T-system as perfectly distinct from the u-system. Thus we are not able to study either U-1T mixing nor deviation from planarity. Nevertheless the experimental evidence indicates that the C 2h planar geometry is of lower energy than the D2h geometry.
The same symmetry breaking is also observed in heptalene. Again only the crystal structures of the substituted heptalenes 23 and 24 are known. 14 (b),14(c) Finally it should be noted that the symmetry breaking which we have discussed is very different from the symmetry breakings previously discussed for unsaturated hydrocarbons. There have been two previously discussed forms of symmetry breaking. In the case of cyclobutadiene the 1T" system distorts so as to relieve the degeneracy of the Huckel molecular orbitals. This is a lahn-Teller distortion. A similar distortion occurs in the large n [n]-annulenes. 15 It corresponds to the solid state Peierls distortion. In this case as n increases in size the HOMO and LUMO become sufficiently close in energy that again a pairing distortion by mixing HOMO and LUMO together stabilizes the system. This distortion is seen in the large [n] -annulenes where n > 20 atoms.
Both the lahn-Teller and the Peierls distortions are effects which can be understood with a one electron picture. This is in contrast with the Hubbard transition where the distortion is due to a degeneracy which is only present in full configuration interaction space. Indeed there is no indication in the Huckel model of either pentalene or heptalene that a degeneracy is present. In fact, early workers in the field were of the opinion that pentalene and heptalene were aromatic systems.
RING PARAMAGNETISM
One well studied effect in ring systems is the deviation of the magnetic susceptibility when compared to the sum of the atomic susceptibilities. It has been found in 4n-systems the deviation necessitates the inclusion of a paramagnetic term. 16 One particularly elegant explanation of this effect is based on orbital ring angular momentum. The idea is a simple one. In undistorted cyclooctatetraene the HOMO and LUMO are a combination of the two state It has been pointed out that ~a ± i~b closely resemble the states with L z = ± 2 for systems with cylindrical symmetry. Thus under a magnetic field there will be a paramagnetic contribution from this effect.
This interesting observation has been used to explain not only the paramagnetic deviation in 4n-annulenes but in pentalene and heptalene as well. Thus 9, 100dimethyldiben-zopentalene has a paramagnetic deviation of -14 X 10-6 cm 3 /mol and (compared to -5XIO-6 for [16]-annulene).16 In turning to the Huckel diagram for pentalene we see that it differs from [8]-annulene in one important way. The central degeneracy in [8] -annulene has been lifted. We therefore ought to see quenching of orbital angular momentum. If the above elegant explanation for the paramagnetism of 4n systems is correct we ought not see the effect in either pentalene or heptalene. It is interesting though that in the Hubbard model this quenching of ring orbital angular momentum is partially lost. In pentalene we have two low-lying singlet energy states. Mixing of these two states does permit the formation of states which have nonzero expectation values with respect to the operator !/ z : !/z = ItPe)(tPel-ltPd)(tPdl (20) l{Ie and tPd are shown in Fig. 9 . 
APPENDIX A
In order to prove the main theorem we need several preliminary results.
As an illustrative example of these preliminary results we consider 27 which has as symmetry elements the permu- Table V . We see in this example two results which are generally true and which we state without proof.
Lemma 1
All g which are in G are either of the: First kind-permutations which interchange starred atoms and starred atoms and/or unstarred atoms and unstarred atoms. Second kind-permutations which interchange unstarred atoms and starred atoms.
Lemma 2
For connected systems all permutations of the second kind interchange all starred atoms and unstarred atoms. In In order to prove that ¢ ± and hence 'I1HD are the most symmetric ir's of G we must prove that all permutations of the first kind are even for all connected systems with a nondegenerate'l1HUckel'
Lemma 3
The existence of an odd permutation of the first kind ensures the existence of an orbital such that H Huckel ~ =O~=O.
Proof
In Table VI we list the symmetry elements found in the point groups. We also show in Table VI all the n-cycles which are compatible with a given symmetry element. With this as background we can proceed with the proof.
Assume there is an element g of G which is of the first kind and is odd. This implies we have an odd number of2n- 
Consider the group F which is the group generated by g. There are three functions which belong to the same irreducible representation of F:
These are the only three functions which belong to this ir. There are an odd number of them as g was assumed odd. By the pairing theorem 10 we therefore have one zero eigenvalued eigenvector. Q.E.D.
When we tum to permutations of the second kind we find that for go (an odd permutation) and ge (an even permutation)
ge if; ± = ± if; ± .
(A9) (AlO) In 4N atom systems, we showed earlier that if; + formed the same type of ir as 'I' HD while for 4N + 2 atom system it was if;-that did so. We therefore need to prove:
For 4N atom systems the existence of an odd permutation of the second kind in G ensures the existence of a zero eigenvalued eigenvector of the one electron HHuckel' For 4N + 2 atom systems even permutations of the second kind ensure zero eigenvalued eigenvectors.
Consider first the 4N-atom systems. Assume there is an odd permutation g of the second kind. We observe that g can not contain any odd cycles as this would lead to an interchange of starred with starred atoms. By Lemma 2, g contains no I-cycles. Furthermore g cannot be a C 4n + 2' S2n + 1 or S4n + 2 symmetry element. From Table VI it may be seen that all C 4n + 2' S2n + I' and S4n + 2 permutations must be even. Similarly we may exclude (T. (In all these latter cases in order to have 4N-atoms we need to have an even number of 2n-cycles.) The remaining elements are of the type C 4n and
S4n'
As an illustrative example consider S4' For a 4N system (as Table VI shows) in order for g to be odd these must be an odd number of 4 cycles. We could, for example, have a g: g= (1234) (5678) (910 1112) (1314) (1516) . (All) Again we consider the group Fwhich is the group generated by g. There are three functions which belong to the same irreducible representation
Together these functions produce a block of the Huckel Hamiltonian which is purely imaginary. As we show in Lemma 5 this leads to a pairing theorem applicable to the imaginary block. Hence as in Lemma 3 we have proven the existence of a zero eigenvalued eigenvector. This proves Lemma 4 for 4N atom systems. An identical argument proves the Lemma for 4N + 2 atom systems. Q.E.D.
LemmaS
If H is a Hamiltonian matrix consisting only of purely imaginary matrix elements then if Ht = At (where t is an eigenvector and A its eigenvalue) there exists at', such that
where Wj and Vj are all real numbers and {Yj} form a vector basis set.
Thus by assumption:
We can now prove the main theorem.
Proof of main theorem
In the case of 'I' Huckel' we know as there is no degeneracy in the 'l'Hiickel ground state that 'l'Hiickel must belong to the most symmetric representation of G. 'l'HD is also nondegenerate. We have found a nonzero portion of 'I' HD' if; ± which belongs to the most symmetric representation of G. Q.E.D.
APPENDIXB
For large systems it is difficult to directly calculate the U /{3value at which the Hubbard transition occurs. We nevertheless can acquire some insight by examining the Huckel and HD asymptotic solutions to the Hubbard model. Two parameters are easily calculated. They are .1£Hiickel and aE HD as shown in Fig. 7 . A large .1£Hiickel will place the Hubbard crossing at a higher U /pvalue while a large aE HD will drive the crossing to a lower value. In Table VII we list aEHiickel and aE HD for several systems, which undergo a Hubbard transition. It may be seen that the abovementioned effects are indeed observed. For the range of values shown (.1£Hiickel varies from 0.5 to 1.0p and .1£ HD from 0.5 to 2.0 J) the relation (B I) appears to be approximately correct: This relation can clearly not be applied to 1l.EHD or 1l.EHiickel very different from the values given above. Craig l2 proposed some rules which predict whether an unsaturated hydrocarbon would have a valence bond wave function which belongs to the most symmetrical irreducible representation. In Craig's method, the carbon atoms are labeled with up or down spin. For a given symmetry operation, one determines p and q, where p is the number of interchanges between carbon atoms and q is the number of interchanges of spin labels required to restore the original labeling scheme. Craig's rule states that when p + q is even, the ground state belongs to the highest irreducible representation; when p + q is odd, it does not belong to that representation.
APPENDIXC
It has been noted some years ago l7 that, for certain mol- This ambiguity in Craig's rule can be resolved by using methods similar to those outlined in the text. We consider, as a simple example, the system 29. There are 12 LELSDs whose off-diagonal matrix elements are shown pictorially in Fig.   10 . If one assumes a C 3v symmetry, the interaction of these 12 LELSDs leads one to predict a 3A 2 ground state. 
